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A method has been proposed [11 for calculating shock-wave adiabatics for two-phase mix tures  
which does not use the additivity principle,  and this is here extended to a medium consisting of 
n phases; the shock-wave adiabatic is derived and compared with experiment for a th ree-phase  
mixture:  an alloy consisting of copper,  zinc, and lead (brass).  It is shown for a p a r a f f i n - t u n g -  
sten mixture that the adiabatics for the individual phases deviate from ones for the correspond-  
ing solid mater ia ls .  The known equations of state for aluminum and epoxide res in  have been 
used to determine the shock-wave adiabatic for such a mixture.  A comparison is made with the 
analogous calculation made from the additivity principle. 

1. Model. Shock waves in multiphase media are  involved in r e sea rch  on the propagation of shock 
waves in rocks  impregnated with water or oil [2, 3], in determining the equations of state for one of the 
phases [l, 4], and in studying the proper t ies  of new composite ma te r i a l s  and alloys [5, 6]. In most  recent ly  
published studies [4-7], the shock-wave adiabatic of the mixture  has been derived via the additive approxi-  
mation, in which it is assumed that each phase is compressed  in accordance with its own Hugoniot adiabatic 
for the solid mater ia l .  However, there is another viewpoint on shock waves in heterogeneous mixtures ,  
which has been presented [1, 8] as that the shock-wave adiabatics of the phases may deviate from those for 
the pure mate r ia l s ,  with the resul t  that at certain phase concentrat ions one can get an anomalous slope in 
the Hugoniot adiabatics,  as for porous ma te r i a l s  [9]. 

Let the multiphase medium consist  of par t ic les  differing in nature, the state of each of which is char-  
acter ized by the p ressure ,  the density,  and the temperature ;  these pa ramete r s  are related by the equation 
of state for the corresponding single phase. We assume that the mult iphase medium is homogeneous and 
isotropic on a mac roscop ic  scale. We consider  the s teady-sta te  propagation of a planar shock wave in such 
a medium. We assume that the wave amplitude is not too great ,  so that in the equation of state we do not 
need to take into account the electronic components for the p res su re  and internal energy.  On the other hand, 
we assume also that the wave is not so weak that the hydrostat ic  component of the force field applied to the 
mixture  considerably exceeds the internal shear s t r e s ses .  Then the medium may be considered as a com- 
press ible  liquid, and its behavior in response  to shock waves is descr ibed by the equations of hydrodynamics.  

The equations of motion and energy for the mixture  [3] are put as follows for an n-phase mixture  if 
one assumes  that the phase p r e s su re s  are  equal (a two-phase mixture  was considered in [1]); for phase i 
we have the equation of motion 

diu, i c3p 
Ptai d--i- = -- al ~ q- Ri ( 1. I) 

and the equation of continuity 

a (PiaO ~ (P#iwO = 0 (1.2) 
T + ax 

together  with the energy balance equation 
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5W i Oct~ di 0 0 
" dt = P - ~  + Yi, d'--F = - ~  -l- wi ~x. 

n 

H e r e  Pi i s  the d e n s i t y  of  p h a s e  i ,  whose  c o n c e n t r a t i o n  by v o l u m e  i s  ~ i '  withi_-Z~ a'i = 1; w i i s  v e l o c i t y ,  

p i s  p r e s s u r e ,  and R. i s  the  bulk f o r c e  f rom the  i n t e r a c t i o n  bet~veen p h a s e s ,  which  a c t s  on p h a s e  i f r o m  the  
o t h e r  p h a s e s ,  w i th  a~ the s p e c i f i c  i n t e r n a l  e n e r g y  of  p h a s e  i ,  5y~]/dt the  e f f e c t i v e  w o r k  of  the  f o r c e s  a c t i n g  
f rom a l l  o t h e r  p h a s e s  on p h a s e  i in uni t  t i m e ,  qi the  flux of  hea t  into p h a s e  i f rom a l l  the o t h e r  p h a s e s ,  and 
Yi the  work  of the  v i s c o u s  bulk  f o r c e s ,  which  i s  c o n v e r t e d  to hea t ,  a s  p e r f o r m e d  on p h a s e  i -by the o t h e r  
p h a s e s  and a r i s i n g  f rom r e l a t i v e  d i s p l a c e m e n t  of the p h a s e s .  T h e r e  i s  a z e r o  c o n t r i b u t i o n  ' o v e r a l l  to the  
m o m e n t u m  and e n e r g y  of  the whole  m i x t u r e  f rom the  i n t e r n a l  i n t e r a c t i o n  be tw e e n  the  p h a s e s :  

n n *t 

(2"  =0, 2q, o, 26w,/dt:o) 
i = l  i = l  i-: 1 

The s h o c k - w a v e  speed  U is  cons t an t ,  so i t  i s  c onve n i e n t  in (1.1)-(1.3)  to c o n v e r t  to the new v a r i a b l e  
z= x -  Ut; we ge t  the con t inu i ty  i n t e g r a l s  f o r  the m a s s  for  each  of  the p h a s e s  a s  

cqp#i  = dioPioUio = Mt (i = t , 2 , . . . , n )  (1.4) 

and the i n t e g r a l s  for  the  c o n s e r v a t i o n  of  the to ta l  m o m e n t u m  of the m e d i u m  a s  

7l n 

p -!  ~ :lliui = ~ :lliui0 -i- Po 
i ,= l  i -'-I 

tl.5) 

and t h o s e  fo r  the o v e r a l l  to ta l  e n e r g y  a s  

-4- aiouiopo j ~ t 1. 6) 

Here  u i = x~] - U i s  the m a s s  speed  of the  p a r t i c l e s  of p h a s e  i r e l a t i v e  to the  s h o c k - w a v e  f ron t ;  sub -  
s c r i p t  z e r o  d e n o t e s  q u a n t i t i e s  c h a r a c t e r i z i n g  the s t a t e  of the  m e d i u m  in f ron t  of  the  shock wave .  The  e q u a -  
t ions  for  m o m e n t u m  and e n e r g y  b a l a n c e  for  p h a s e  i b e c o m e  a s  fo l lows  in t e r m s  of  the  new v a r i a b l e :  

(1.7) 

d .lll/~, , ctlpwi}__ r. dai --dz '~ 'i + ~- U p ~ -t- iqf -1- qi = 0 (1.8) 

We m u l t i p l y  (1.7) by U and s u b t r a c t  f rom (1.8) to ge t  

- =2-] - wi~" ~ (zip (w~ U) - -  M i w i U }  R~U d: ,:ll i  , , . . . . . .  q~- -  y , - -  

We i n t e g r a t e  th i s  equa t ion  o v e r  the r a n g e  z 0 - h, z0-~ h, which i n c l u d e s  the  s h o c k - w a v e  f ron t ,  and then 
p a s s  to the l i m i t  h ~ 0 ,  which g i v e s  us  the  fo l lowing  r e l a t i o n s h i p  on the a s s u m p t i o n  tha t  the  r a n g e  2h a l l o w s  
u n l i m i t e d  i n c r e a s e  on ly  in the  d e r i v a t i v e s ,  whi le  the  v a r i a b l e s  t h e m s e l v e s  w i, a i, p, and the func t ions  q i '  
Yi' and R i of t h e s e  v a r y  s t e p w i s e ,  but  with r e s t r i c t e d  changes :  

M i (8 t + ui 2 / 2) -~- aiuip = M i  (eio + u~.o 2 / 2) i -  CtiOUiO])O (1.9) 

2. 5 I e e h a n i c a l  E q u i l i b r i u m  A p p r o x i m a t i o n .  We w r i t e  (1 .4)-(1 .6)  and (1.9) fo r  the  c a s e  w h e r e  m e c h a n -  
i ca l  e q u i l i b r i u m  be tween  the p h a s e s  i s  a t t a ined  beh ind  the s h o c k - w a v e  f ron t ,  i . e . ,  we a s s u m e  tha t  i m m e d i a t e .  
ly behind the s t ep  we have  

U l  ~ /'12 ~ " - "  ~ U n  ~ H, 

T h i s  r e l a t i o n s h i p  c l o s e s  s y s t e m  (1 .4)- t1 .6)  and t l . 9 ) .  
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If we def ine  the m a s s  p h a s e  c o n c e n t r a t i o n s  x i and the  s p e c i f i c  v o l u m e s  v i v i a  

?t 

x i  = w,p~l ]~ ~iPl, v~ = l / e l  
i ~ 1  

then  we ge t  the s p e c i f i c  vo lume  fo r  the h e t e r o g e n e o u s  m u l t i p h a s e  m i x t u r e  V a s  

n 

V = t I P  = 1 ] ~ a ig i  = ~ x i v i  (2.1) 

Then (1.4) and (1.5) with ui0 = - U t ake  the u sua l  fo rm for  shock w a v e s ,  but  they  app ly  s u b j e c t  to (2.1) 
and for  m i x t u r e s :  

u ~ / V + p  = U 2 / V o + p o ,  u /  V = - -  U / V o  

One f r e q u e n t l y  u s e s  a d i f f e r e n t  fo rm for  t h e s e  equa t ions :  

(2.2) 

p - - p .  u 2 = V  ~ p - - v o  ( 2 . 3 )  U2 -= Vo2 V-/~--- ~7 , Vo- V 

Equat ion  (1.6) g i v e s  the i n c r e m e n t  in the  i n t e r n a l  e n e r g y  of the m e d i u m ,  and with (2.2) b e c o m e s  

~ x i  (el - -  slo) = 1/2 (P -i- Po) (Vo - -  V)  ( 2 . 4 )  
i .=1 

which f r o m  (2.1) can a l so  be put  a s  

• x i { s i -  s~0 - -  1/2 (p  -t- Po)(V~o - -  V)}  = 0 (2.5) 
i = l  

Using  (2.2),  we can r e p l a c e  (1.9) by 

et - -  eio = 1/2 (P + Po) (Vo - -  IO + P ( V  - -  vt) - -  Po (Vo - -  rio) ( 2 . 6 )  

F o r m u l a s  (2.1)-(2.6)  b e c o m e  the f o r m u l a s  of [1] for  the  t w o - p h a s e  m e d i u m .  

The  change in the i n t e r n a l  e n e r g y  of  p h a s e  i on p a s s a g e  of the  shock wave  can be put  a s  a sum of  in-  
c r e m e n t s  in the e l a s t i c  e n e r g y  a x and the t h e r m a l  e n e r g y  [9]: 

el - -  eio = e:~ (vi) "4- vi (p  - -  p:~ (vl)) / ~ (vi) (2.7) 

w h e r e  Px(V i) i s  the cold  p r e s s u r e  on phase  i ,  and y (v  i) i s  the G r i i n e i s e n  p a r a m e t e r ;  we e l i m i n a t e  c i  - ci0 
f rom (2.6) and (2.7) to ge t  the  equa t ion  fo r  the Hugoniot  a d i a b a t i c  in the fo rm 

(h - l) Px (v0 -- 2ex (v0 / vt (2.8) 
P = h + t --(V "i- Vu)/vi 

w h e r e  h= 1+ 2 /y (v i ) ,  whi le  P0 h a s  been  o m i t t e d ,  b e c a u s e  po<<p. 

If V= v i and vo = '  0, (2.8) b e c o m e s  the a d i a b a t i c  equa t ion  for  so l id  p h a s e  i ,  which has  been  g iven  [9]: 

(h - t) p., (vr -- 28x Cv0 / ~'i ( 2 . 9 )  
P h -- rio / v t 

If we f o r m a l l y  ex tend  (2.8) to h i g h - a m p l i t u d e  shock w a v e s ,  we ge t  the condi t ion  for  the l i m i t i n g  c o m -  
p r e s s i o n  of the  m u l t i p h a s e  m e d i u m :  (V0+ v ) / ~  <h+ 1. 

If the p r e s s u r e  and s p e c i f i c  v o l u m e  of the m i x t u r e  a r e  known, (2.8) a l l o w s  one to f ind the  s p e c i f i c  
vo lume  of p h a s e  i and hence  to c o n s t r u c t  the  s h o c k - w a v e  a d i a b a t i c  for  t h i s  p h a s e .  

S i m i l a r l y ,  one h a n d l e s  the i n v e r s e  p r o b l e m  of c o n s t r u c t i n g  the  s h o c k - w a v e  a d i a b a t i c  for  the m i x t u r e  
f rom the known equa t i ons  of  space  for  the p h a s e  shif t ;  for  t h i s  p u r p o s e  we d r a w  up a s y s t e m  of n+ 1 a l g e -  
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b r a i c  e q u a t i o n s  in the  form 

n 

V =  ~ x l v i ,  p - : p ( V , v ~ )  ( i = t , 2  . . . . .  n) (2.10) 
i = l  

w h e r e  p(V, v i) i s  the r i g h t  s ide  of (2.8); t h i s  s y s t e m  b e c o m e s  c l o s e d  i f  the  p r e s s u r e  i s  g iven ,  and we can  
so lve  i t  for  the  s p e c i f i c  v o l u m e  and thus  c o n s t r u c t  the  s h o c k - w a v e  a d i a b a t i c  fo r  the  m i x t u r e .  

3. W o r k i n g  A p p r o x i m a t i o n s .  In the c a l c u l a t i o n s  g iven  be low for  h e t e r o g e n e o u s  m i x t u r e s ,  we use  
the  e q u a t i o n s  of s t a t e  fo r  the fo l lowing  s u b s t a n c e s :  c o p p e r ,  z inc ,  l e ad ,  t ungs t en ,  a l u m i n u m ,  and epox ide  
r e s i n .  We use  the fo l lowing  fo rm [101 for  the  e l a s t i c  c o m p o n e n t s  of  the p r e s s u r e  fo r  the  m e t a l s  excep t  for  

a l u m i n u m :  

p:+ (v+)  - p .  - V (v+)  ( ~ z l  - +,+ ( v + ) ) / v +  

p H  = a + (L'io - -  v i )  / [Vio - -  b ( r i o  - -  v t ) ]  2, ~It = 1/~PH (vi0--ui) (3.1) 

w h e r e  a and b a r e  c o e f f i c i e n t s  d e t e r m i n e d  by the l i n e a r  r e l a t i o n s h i p  be tween  the s h o c k - w a v e  speed  in so l id  
p h a s e  i on the m a s s  v e l o c i t y  (U = a+  bw); the  n u m e r i c a l  v a l u e s  fo r  t h e s e  c o e f f i c i e n t s  a r e  g iven  in T~ble  1. 
We u s e  the fo l lowing  form [16] for  the  e l a s t i c  p r e s s u r e s  of a l u m i n u m  and epox ide  r e s i n :  

P= (vd = Ctq q- D~t~ 2 + S/q z (tq = %'v t - - l )  (3.2) 

w h e r e  T a b l e  2 g i v e s  the  v a l u e s  of C, D, and S; the  s p e c i f i c  e n e r g y  of cold c o m p r e s s i o n  w a s  c a l c u l a t e d  for  
a l l  s u b s t a n c e s  f rom 

vi 

r = - - !  p~(v) dv 

ci0 

The funct ion y (v  i) was  c o n s i d e r e d  a s  p r o p o r t i o n a l  to v i,  i . e . ,  

(3.3) 

y (vi) -- 70 v~ .," rio t3.4) 

w h e r e  Y0 i s  the Gr f fne i sen  c o e f f i c i e n t  u n d e r  n o r m a l  c o n d i t i o n s ,  which  i s  g i v e n  in T a b l e s  1 and 2; a p p r o x i m a -  
t i ons  (3.1), (3.3). and (3.4) have  been  used  [10] in c a l c u l a t i n g  the s h o c k - w a v e  c u r v e s  for  p o r o u s  a l u m i n u m .  

We e v a l u a t e d  tlae a c c u r a c y  of  (3 .1)-(3 .4)  and of the c o n s t a n t s  in them by c o m p a r i n g  the c a l c u l a t e d  
a d i a b a t i c s  fo r  m e t a l s  g iven  by (2.9) with the m e a s u r e m e n t s  of [11], and a l so  with the a d i a b a t i e s  c a l c u l a t e d  
by a m o r e  c o m p l e x  m e t h o d  [12]. 

The  two c a l c u l a t i o n s  and the e x p e r i m e n t a l  f i g u r e s  w e r e  in c l o s e  a g r e e m e n t  fo r  a l l  the m e t a l s ;  a s  we 
have  no p u b l i s h e d  e x p e r i m e n t a l  d a t a  for  the s h o c k - w a v e  a d i a b a t i c  of epox ide  r e s i n ,  no such check w a s  p o s -  

TABIAs 1 

Material 7o. g/cm s , kin/see i) -:~ Ref. 

12u 
Zn 
l ' b  
W 

8.~) 
7.t4 

I 1 . 3 4  
19.35 

3.958 
3.050 
2.028 
4.Ot~) 

t .497 
1.559 
J.517 
1.285 

2.00 .! [ . l  
2.15 ] I"1 
2 . 7 7  n 
1 . 5 4  i ra  ] 

T A B L E  2 

c, Mbar D, /vlbar / s, Mbar v. ;o. g/crn 3 Material 

AI epoxide resin 
0.761888 
0.098842 

0 .  778860 
0.059183 

�9 t . t ! ) 8 7 t  
0.16653 

2.13 I 2.785 
0.79 I. 190 
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sible for this substance. 

4. Shock-Wave Adiabatic of a Th ree -Phase  Mixture. We used the above method to determine this 
adiabatic for a mixture  of three phases,  for which purpose we took b rass ,  which consists  of copper,  zinc, 
and lead with weight proport ions of the components respect ively  61.5, 36, and 2.5% [13]. We wrote system 
(2.10) for n=3  and substituted for PxtVi ), r T(v i) from (3.1), (3.3), and t3.4) to get a system of al-  
gebraic  nonlinear equations for the unknown v i and V; this system was solved by computer  using a gradient 
method. As our initial approximation we took the values of the v i corresponding to normal  conditions. The 
computation was terminated when the differences of the v i in two successive i terat ions were less than 
0.0001 em 3/g. 

Figure 1 shows the calculated shock-wave adiabatic for b ras s  ffull line) together with the m e a s u r e -  
ments  of [13], which agree well; b r a s s  has a partly ordered  CuZn s t ructure ,  so at zero  p re s su re  the ob- 
served density of 8.41 g/cm 3 is g rea te r  than the 8.22 given by the mix tures  rule [13]. A simple displace-  
ment of the predicted Itugoniot curve to the point for the observed initial density resu l t s  in improved agree -  
ment with experiment for all densit ies.  

5. Two-Phase  Mixtures. We show for the para f f in - tungs ten  mixture how to use the experimental  
shock-wave adiabatic [7] and the known equation of state for one of the phases to find the shock-wave adia- 
batics for these phases.  Fo r  this purpose it is  sufficient to find the specific volume of one of the phases  
from (2.8), since that for the other phase is defined by (2.1). In our calculations we used previously checked 
p a r a m e t e r s  for tungsten. 

Table 3 and Figs.  2 and 3 show the calculated curves for tungsten (curve 2) and paraffin (curve 4), to-  
gether with the experimental  data of [7] (point 1) for a pa ra f f in - tungs ten  mixture containing respect ively  
66.27c (xl= 0.662) and 84% (xl= 0.84) tungsten by weight (curve 3). It is clear from these f igures that the 
shock-wave adiabaties for the tungsten and paraffin phases deviate from those for the pure ma te r i a l s  
(curves 1 and 5 respect ively for tungsten and paraffin). The experimental  points 2 in Figs.  2 and 3 were 
taken from [11]. The heavy phase (tungsten) expands in a mixture  with a light one, as in the case of porous 
meta ls  [9], which leads to an anomalous slope in the curve. This behavior in shock waves may be explained 
if we consider the mixture  as a porous mate r ia l ,  for instance, of the heavy phase with pores  filled by the 
light phase. Although the mixture  is overal l  compressed  behind the shock wave, the heavy phase may en- 
ter  into the pores ,  and there may therefore  be an effective expansion of this phase, with additional compres -  
sion of the light one. 

It has been shown for shock waves in pa ra f f in - tungs ten  mixtures  [7] that one can use an additive 
approximation with the known Hugoniot adiabatics of tungsten and the mixture  to determine the adiabatic 
for paraffin. From this it was concluded [7] that mixture  shock-wave adiabatics satisfy the additivity pr in-  
ciple. Our calculation shows that the measured  adiabatic for the mixture can be represented as a sum of 
displaced adiabatics for the individual phases.  

We can compare the calculations of the mixture  by our method with those from the additive approxi-  
mation [4, 7], the latter for the binary mixture  being 

V(p)  = x~v~(p) + z~v~ (p) 

~1 - -  1/2p (vlo - -  vl),  ~2 = 1/2 P (v~0 - -  v2) 

To close a system one has to add the equations of state for the individual phases; as an example we 
calculated the shock-wave adiabatic for a mixture consisting of aluminum and epoxide res in  [16]. There  is 
no rel iable evidence on the equation of state for paraffin, so one cannot perform an analogous calculation 
for a pa ra f f in - tungs ten  mixture.  Table 4 gives the resu l t s  from calculations via the schemes of [1] and 
[7], together with the experimental  data of [16], and it is clear  that both calculations agree closely with 
the experimental  figures.  

These calculations therefore  do not enable one to judge definitively whether the additivity principle 
is cor rec t  [4, 7]; major  difficulties have been encountered [14] in applying this principle to detonation in a 
mixture  of explosive with tungsten. When one t r ans fe r s  to porous mate r i a l s  (one of the phases consis ts  of 
gas or  cavities), one is certain that the additivity principle does not apply, whereas  essential ly this principle 
is used to derive semiempir ical  equations of state for condensed media away from the Hugoniot adiabatic 
for solid mate r ia l s .  
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0.840 

i v , cms/g 

0.252 
I O. 221 
I 0.217 

0.165 

0.140 
0.119 
0.115 
0.090 

p,Mbar 

0.23t 
O. 500 
0.574 
I. 495 

0.310 
O. 656 
0.816 
2.200 

V W 
cm3/g 

0.t29 
O.t.q5 
0.204 
0.224 

0.072 
0.089 
0.094 
0.106 

V[l~ 
cmS/g- 

0.404 
0.272 
0.243 
0.049 

0.495 
0.276 
0. 223 
O. 007 

erg/g 

t. 826 
4. 728 
5.543 

t8.327 

�9 1.265 
3.365 
4.349 

t 4.481 

e W. 10-~% 
etg/g 

4.680 
6.025 
6.306 
9.486 

3.368 
5.334 
6.04I 

tl .007 

I 1  
I ~ _ _  

I i 

I, 
4 - -  

~2 

\ 
\ \  

~'~ V, cm3,/g 

F ig .  3 

~n" lO-Z~ 

erg/g 

--3.762 
2.187 
4.049 

35.643 

. -.9.77 
--6.97 
--4.53 
32.71 

"FABLE 4 

Vol.of 
AI, % 

25 
4() 
60 

~,i bar 

0.242 
0.281 
0.3~ 

Ww 
km/ 
sec 

2.28 
2.21 
2.23 

Additive 
Experiment calcu. 

U, V. v, V, 
skenc # cm3/g crn3/g cm3/g 

6.63 0.4t 0.407 0.406 
6.97 0.374 0. 367 0. 368 
7.25 0 . 3 3 0  0.330 0.328 

Calc. from [1] 

~.10-1o, ~Al.t0-w, 
erg/g erg/g 

2.70 0.048 
2.52 0.415 
2.32 0. 965 

~O "|0-1% 
erg/g 

4.82 
5.81 
7.07 

C a l c u l a t i o n  f rom (2.6) r e s u l t s  in n e g a t i v e  i n c r e m e n t s  in the s p e c i f i c  i n t e r n a l  e n e r g y  of the l igh t  phase  

a n at c e r t a i n  p r e s s u r e s  in thc c a s e  of  a p a r a f f i n - t u n g s t e n  m i x t u r e  (Table  3); th is  was  c o n s i d e r e d  [7] as  a 

p a r a d o x i c a l  r e s u l t .  ~ n c e  in c a l c u l a t i o n s  for  o t h e r  m i x t u r e s  the i n c r e m e n t  was  a lways  p o s i t i v e  (Tab le  4). 

T h i s  d i s t r ibu t io f i  of the i n t e r n a l  e n e r g y  be tween  the p h a s e s  m a y  a r i s e  b e c a u s e  the cond i t ions  for  m e c h a n i c a l  
e q u i l i b r i u m  and a t h e r m a l l y  m e t a s t a b l e  s t a te  m a y  not be m e t  s i m u l t a n e o u s l y  behind the shock wave  in the 

m e a s u r e m e n t s ,  o r  e l s e  it m a y  a r i s e  f r o m  the inadequacy  o f t h e  l i n e a r  a p p r o x i m a t i o n  fo r  the r e l a t i o n  be -  

t \veen the m a s s  v e l o c i ~  and the s h o c k - w a v e  speed  [15]. 

I am indebted to V. N. N i k o l a e v s k i i  for  s u g g e s t i n g  the t op i c s  and fo r  usefu l  d i s c u s s i o n .  
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